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Is there a mode stability paradox for neutrino perturbations of Kerr black holes? 
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Adopting the notation of Teukolsky and Press, we derive the connection relation for asymptotic 
solutions of massless Dirac equation on Kerr background. We show that, unlike bosonic fields, the 
connection relation for massless Dirac fields (neutrino) provides a rigorous proof of mode stability. 

The same relation also implies that that every incoming mode can be absorbed by the black hole 
or there is no superradiance. Recent works on overspinning black holes have shown that this can 
lead to formation of naked singularities. We argue that, the fact that both the mode stability of 
the black hole under neutrino perturbations, and the instability of the event horizon (therefore the 
instability of the black hole) can be derived from the same connection relation, leads to a paradox. 

In other words mode stability implies event horizon instability as far as neutrino perturbations are 
concerned. 
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I. INTRODUCTION 

Black hole solutions should be accompanied with a 
proof stability so that they can describe actual astrophys- 
ical objects in the universe. If a known solution turns out 
to be unstable it may correspond to an intermediate stage 
of gravitational collapse. In that case the final configu¬ 
ration remains unknown. For example, an unstable Kerr 
black hole might radiate away mass and angular momen¬ 
tum to settle down to a stable Kerr solution, or the fi¬ 
nal state could be a non-Kerr, stationary, axi-symmetric 
configuration with an event horizon, provided that such 
a solution exists. In the worst case scenario, the hypoth¬ 
esized unstable black hole evolves to a naked singularity, 
which is visible from asymptotically flat infinity. 

In the classical mode analysis for stability, one studies 
the individual modes of gravitational perturbations of a 
black hole space-time, to check if there exists any modes 
that grow without bound in time. The same analysis can 
also be applied to other massless fields of interest. The 
existence of exponentially growing modes proves that the 
black hole is unstable, since it will not be able to return 
to its original state after perturbation. 

In this context, the stability of Schwarzschild solution 
was proved much earlier than Kerr solution, which is 
more convenient to describe astrophysical objects with its 
additional angular momentum parameter [iH^. The fact 
that the energy density is not positive in the ergosphere, 
and the effective potential associated with the radial part 
of the Teukolsky equation Q -which describes all mass¬ 
less fields on Kerr background- makes it hard to give 
a rigorous proof of stability analogous to Schwarzschild 
case. Teukolsky and Press found a conserved energy for 
the radial equation ia , and searched for instabilities 
by numerical integration of perturbation equations. Fi¬ 
nally Whiting applied differential and integral transfor¬ 
mations of Kerr radial and angular functions to construct 
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a conserved quantity with a positive definite integrand; 
hence gave a rigorous proof that no exponentially growing 
modes of Kerr solution exists Q. Whiting’s result can 
be considered as the culmination of the classical mode 
analysis of the stability problem. (Also see i) 

Mode stability does not necessarily imply that a gen¬ 
eral linear perturbation with a finite initial energy cannot 
grow in time without bound. To reach that conclusion 
one should give a proof of linear stability beyond mode 
analysis. This was accom plis hed by Kay and Wald for 
Schwarzschild black holes [1^ , but a rigorous proof has 
not been carried out for the Kerr case. (See [iMl). 
Stability problem was evaluated for several black hole 
solutions in four and higher dimensions [l^ - [^ 

In this work we re-visit the stability problem of Kerr 
black holes under massless Dirac perturbations. First, 
we follow the recipe developed by Teukolsky and Press 
to derive the connection relation for the asymptotic coef¬ 
ficients of massless Dirac equation on Kerr background. 
Using this connection relation, we give a rigorous proof 
of mode stability for neutrino perturbations, without re¬ 
ferring to Whiting’s result. Based on recent works on 
overspinning black holes, we also show that one can infer 
the instability of the event horizon from the same con¬ 
nection relation. We argue that this leads to a paradox. 

A. Dirac equation in Kerr space-time 

The two-spinor formalism developed by Newman and 
Penrose (NP) (2^ has been very useful to evaluate field 
equations in curved space-times. Dirac equation couples 
two valence 1 spinors corresponding to spin 1/2 fields 

+ ^PfQA ~ 

^ aaQ ^UfPA ~ ® ( 1 ) 

where Vaa spinor covariant derivative (see [^.1^) 
and V2fJ,f is the mass of the fermion field. A tetrad of 
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null vectors is induced by the spin basis. 

r = 0 ^ 0 ^' n“ = to“ = 0 ^ 1 ^' m“ = 

(2) 

I and n are real while m and m are complex conjugates 
of each other. Null vectors satisfy orthogonality relations 

/an“ = nal°' = —marh°‘ = —fha'm"' = 1 

lam°‘ = lam°' = naTO“ = nafh°' = 0 (3) 

The directional derivatives along the null directions are 
denoted by conventional symbols 

D = l‘^Va, A = n“V„ S = m‘^Va, ~& = a (4) 

One can express Vq in terms of NP derivative operators: 

Va = gj’yb 

= {nj^ + Ln" - rham" - marh^)Vb 
= UaD + ZaA - fha5 - maS (5) 

The explicit form of Dirac’s equations (HD in NP formal¬ 
ism is I 32 I 
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where 


and P^,g^ are components of P^. 



along the spinor dyad basis and respectively. Chan¬ 
drasekhar showed that Dirac equation is separable on 
Kerr background. 


P° = {r- zacos 0 )-i[_i/ 2 i?(r)][_i/ 25 ( 0 )]e-*‘"‘e™^ 

go = -(r + zacos0)-H_i/2E(r)][i/2^(0)]e-“‘e™^ 

Q' = [i/2i?(r)][-i/25(0)]e-*“‘e™^ (10) 


As we let /i = 0 in Chandrasekhar’s separation we have 
derived Teukolsky’s equations for massless fields The 
asymptotic solutions at infinity for the radial functions 
are 

_ 1 / 2 A = Zin- + Zoute*""” 

r 

p—iur* piujr* 

1/2^ = - - -f 4^ut ^2 

We have adopted the notation of Teukolsky and Press 
0 - 4jn) koutj Zin, Zout are the amplitudes of the ingoing 
and outgoing waves at infinity for the cases s = 1/2 and 
s = — 112 respectively. We are going to derive a connec¬ 
tion relation between these coefficients, which represents 
a conservation law relating the net absorption of the wave 
at infinity to the net increase in the mass parameter of 
Kerr space-time, r* is the tortoise coordinate defined by 
dr*/dr = (r^ -|- a^)/A. The asymptotic solutions of the 
Dirac equation are evaluated at r* —?► —oo (r —>■ oo), 
and r* —oo (r r+), where r+ denotes the spatial 
coordinate of the event horizon. 

Near the horizon, only the ingoing solutions of the ra¬ 
dial equation (USD are physical 

rhoie(A-i/ 2 )e-*"'’-*}s = l /2 

Zhole(Al/2)g-*fer*|^^_^/2 (14) 

where O = a/{2Mr+) is the rotational frequency of the 
black hole, and k = uj — mfl. 

II. CONNECTION RELATIONS 

We follow the methods of Teukolsly and Press 0 to 
derive the connection relations between the asymptotic 
solutions at infinity and at the horizon for neutrino helds. 
For the angular part, the equation ([HD is separated to give 

- £[i/25] = B[_i/25] (15) 


Letting fif = 0 for the massless case, Chandrasekhar’s 
separation leads to a pair of equations for both [±i/ 2 <S'( 6 *)] 
and The angular equation takes the form 


1 d f . 

2ms cos 9 


sin^ 6 
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where E is the eigenvalue. The radial functions satisfy 
=+i djsR) 


.-sd 
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dr 


- 2is{r - M)K 


-b Aisior - A [sR) = 0 (12) 


where K = (r^ -|- )a; — am and A = E + — 2amu! — 

s(s + 1 ). 


where 

L = Oe +—.—r —awsmt^-l-— (16) 

Sind 2 

£ agrees with the angular operator defined in 0 for n = 
1/2. Note that B is real since the differential operator £ 
and the angular functions S are real. The fact that B is 
real will be crucial for the proof of mode stability in the 
next section. For the radial part ([61 gives 

(5.-^)U/2i?] = ^[l/2i?] (17) 

The asymptotic solutions at infinity for radial functions 
were given in (USD. Now we substitute these solutions in 
(HID and evaluate at r —?► oo. This leads to the connection 
between Ijn and Zjn. 

BYin = —2\/2iujZin 


(18) 
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Similarly © gives 

C^_,/2S]=BI/,S] (19) 

where = C{—u}, —m). (USD and (1191) imply 

{-C){C^)U,^S] = B^U,^S] (20) 

{C^){-C)l,^S] = B\/^S] (21) 

The angular functions [±i/ 2 'S'] satisfy Teukolsky’s angular 
equation (fTTl) for s = ±1/2. Comparing (1^ and (1^ 
with m one may also express B in terms of (a, m, uj). 

B^ = E + c?uP' — 2au!m ±1/4 (22) 

We proceed to evaluate © for the radial part. 

/ 7 /y 7 . _ /ur \ 

A f i9r ± H- ^—j [i/2-f^] = bV2[_i/2R] (23) 

Substituting the asymptotic solutions at infinity for the 
radial functions in (IMl) . and evaluating at r —>■ 00 , one 
derives the connection between Tout and Zout- 

\/2iujYo^t = BZo^t (24) 

To find the connection relation between Yhoie and ^hoie, 
we evaluate (fTTl) at r —>• r_|_, using the solutions of the 
radial equation near the horizon. 

BWoie = V2{ (r+ - M) - 4ifcMr+}Zhoie (25) 


The subscript “H” refers to the horizon. Let us evaluate 
the left hand side of (l2^ . 


LHS = yhoie^hoie[-(^+ - M) - 2ik{r^ ± a^)] 
^iTholeP 


(31) 


where we used (ITSl) . The form of X{±.l/2) at infinity is 


/ ^ DkA/ » T- 

= AlA(r2 + a2)i/2 


r 

X_ = A-i/4(r2 ^ ^2)1/2 f ^ Zoute**"” m 




Then the right hand side of (IT51) becomes 

ti ± ITjuti 

bV2\Z, 


RHS = 2icui-Yi^Z*^ ± yout^o^ut) 


V2 


(33) 


where we used m and dMl). Equating the two sides 
of (l29)l we derive the connection relation between the 
asymptotic solutions for massless Dirac equation in Kerr 
background. 



(34) 


The form of the radial differential equation (fT^ allows 
us to find a connection relation between the asymptotic 
solutions at infinity and at the horizon. For that pur¬ 
pose we follow Teukolsky and Press Q to write the radial 
Teukolsky equation in the form: 


X^r-r* +VX = 0 

where 

X(s) = + a^y/^{sR) 

The potential V is given by 


The corresponding connection relations for scalar (s = 
0), electromagnetic (s = 1) and gravitational (s = 2) 
perturbations were derived in Q 


(26) 

l^inp 

(27) 
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- 1^0 


4fc(2Mr+) 


iy 


hole I 


s = 1 (36) 


V =[K‘^ - 2isK{r - XI) 

+A{Airws -Q)- - a^)]l{r^ ± 

-A[2XIr^ ± - AMra^ ± a^]/{r^ ± (28) 

where K = {r^ ± a^)w — am and Q = E + — 2awm. 

The Wronskian of any two solutions of (HH) is con¬ 
served. Since the potential satisfies V{r,w,m,l, s,a) = 
V*{r^w,m,l,—s,a), two linearly independent solutions 
of (l2^ are A(s) and X*{—s). Thus 

- W+XT= [A+... AT - A+AT ,.]oo 

(29) 

A-), and A_ in (1^ denote A(s) and A(—s), respectively. 
Near the horizon the form of y(±l/2) is 


* 16 “ 16A:(2Mr+)3fc'^ |Thoiep| s - 2 (37) 

where k'^ = (fc^ ± 4e^) and e = (M^ — a^)^/^/(4Mr_|_). 
Since (±s) solutions are dominant for ingoing waves at 
infinity (and at the horizon), and (—s) solutions are dom¬ 
inant for outgoing waves at infinity, we expressed the con¬ 
nection relations in terms of ITn, Thole, and Tout- (Teukol¬ 
sky and Press express these relations in terms of Tin, 
Thole, and Tout-) These connection relations are also ex¬ 
plicit expressions of energy conservation, relating the net 
absorption of the wave incident from infinity to the net 
increase in black hole’s energy (see 0 )- 


A(1/2)h = yhoieA-i/4(r2 ± a2)i/2e-*'=” 
A(-1/2 )h = yhoieAi/4(r2 + a3)i/2e-*'=’-* (30) 


dE/jn dEout dEliole 

dt dt dt 


( 38 ) 
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III. MODE STABILITY 

The equations (fT^ and (fTTI) which describe perturba¬ 
tions of Kerr black holes, determine a non-linear eigen¬ 
value problem for the frequency w. The non-linearity 
arises due to the fact that the eigenvalues E, A explic¬ 
itly depend on w. In @ Press and Teukolsky argued 
that the problem of mode stability of these perturba¬ 
tions can be reduced to a rather straightforward evalu¬ 
ation. If there are no solutions of the radial equation 
with w in the upper half complex plane for all angular 
modes (l,m), then the corresponding perturbations can¬ 
not grow without bound and stability is guaranteed. If 
there are eigen-frequencies in the upper half plane, these 
correspond to unstable modes which grow exponentially 
in time. Press and Teukolsky also showed that an insta¬ 
bility corresponds to the case that the incoming wave at 
infinity has zero amplitude for w in the upper half plane. 
To examine the upper half complex lj plane, one writes 
the radial solution in the form 

R = (39) 

Then one seeks for zeros of or poles of AAut/kin, 
viewed as a function of lo in the complex plane. The 
fact that the Schwarzschild solution is known to be sta¬ 
ble simplifies the problem. For a = 0 all the zeros of 
must lie in the lower half plane. An instability can 
only occur if a pole migrates smoothly from the lower 
half plane and crosses the real axis, as we spin up the 
black hole from the stable case a = 0 [s^ . Therefore the 
search for instabilities can be restricted to the real axis 
without loss of generality. 

In that respect, the connection relations (or the con¬ 
served energy) that were derived from the two linearly 
independent solutions of the radial equation, can be used 
to search for unstable modes. Let us first consider the 
case of bosonic test fields. When we let Yin = 0 in 
equations HMD, and (EZl), we see that only in the 
range uj G (0,mn), the two sides of the connection rela¬ 
tions for bosonic fields can have the same sign. In other 
words unstable modes can only exist in this range. This 
range was examined numerically and no instabilities were 
found The connection relations for bosonic fields 

provided an unsuccessful search for instabilities, rather 
than a general proof of stability. The general analytic 
proof was given by Whiting Q. 

Let us express the connection relation for neutrino 
fields (l34|l in terms of Yjut to search for poles. 

2y2w2|YoutP ITholeP , , 

V2 ^2 ^ ’ 

When Yn = 0, the two sides of the connection relation 
(l40)l cannot have the same sign for any value of w, since B 
is real and oj can be restricted to the real axis without loss 
of generality [s^. Thus, no unstable modes exist. This 
way, the connection relation for neutrino fields provides 
a rigorous proof of mode stability without referring to 
Whiting’s analysis. 


IV. OVERSPINNING BLACK HOLES WITH 

TEST BODIES, BOSONIC AND FERMIONIC 
FIELDS 

The stability of the event horizons of black holes is 
crucial to preserve causality and deterministic nature of 
general relativity. For that reason the singularities which 
inevitably ensue as a result of gravitational collapse, were 
conjectured to be hidden behind event horizons by Pen¬ 
rose [ 3 ^ . It has not been possible to establish a concrete 
proof of this conjecture, known as cosmic censorship. The 
studies in this area often remained restricted to case by 
case analysis of the interactions of black holes with test 
particles or fields, to test the stability of the event hori¬ 
zon. 

Recently it was shown that a Kerr black hole can be 
overspun into a naked singularity as a result of the inter¬ 
action with a test body or a bosonic test field [3^ . 
In both cases overspinning occurs in a narrow frequency 
range. Later dissipative (radiative) and conservative 
(gravitational) self-force effects were considered for the 
case of test bodies and it was shown that conservative 
self-force is c omp arable to the terms giving rise to naked 
singularities [38|. In principle, gravitational and radia¬ 
tive self-force effects can also be calculated for the case 
of bosonic test fields to compensate for the overspinning 
effect, because these two thought experiments are anal¬ 
ogous to each other. For a test body that crosses the 
horizon the flux of energy and angular momentum ab¬ 
sorbed by the black hole are related via 

6E - nSJ = j TabX^'dy (41) 

where Tab is the energy-momentum tensor, is the hori¬ 
zon generating Killing vector and is the horizon sur¬ 
face element. The null energy condition implies 

SE > nSJ (42) 

This sets an upper bound on the amount of angular 
momentum that can be absorbed by the black hole 
SJ < i5Jniax = {6E)/V,. The lower bound for SJ is 
found by requiring that the final configuration satisfies 
(M + SMY — {J -\- SJ) < 0 so that cosmic censorship is 
violated. Bosonic test fields also satisfy the null energy 
condition. Each field in the mode (a;,l,m) represents 
a large number of particles with energy huj, and angu¬ 
lar momentum hm far away from the black hole; hence 
{SE)/{SJ) = oj/m. The condition (l42)l can be expressed 
in the form 

UJ > flm = Wsi (43) 

For bosonic fields the upper limit for the amount of angu¬ 
lar momentum that can be absorbed by the black hole is 
also the lower limit for the frequency, which corresponds 
to the superradiance limit Wgi. The absorption of modes 
with lower energy and higher angular momentum is not 
allowed, hence overspinning can be achieved in a limited 
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extent and a narrow range of frequencies. To be pre¬ 
cise, the frequency has to be in the range Wsi < w < wi, 
where wi = a;o/(l -I- V^e), wq = m/2M, and e <C 1 
is used to parametrise the closeness of the initial black 
hole to extremality such that J/M^ = 1 — 2e^. (see [ 13 ) 
Both for test bodies and bosonic test fields the allowed 
ranges for dJ and SE to violate cosmic censorship is of 
order and the hnal configuration of parameters satisfy 
{M + SM)'^ - (J + SJ) - -e2. 

However it is known that fermionic fields do not sat¬ 
isfy the null energy condition and therefore superradi¬ 
ance does not occur [32|- In this case the waves with 
frequencies below the superradiance limit can also be ab¬ 
sorbed. The range of frequencies that allow overspinning 
is not bounded below by superradiance; it is extended to 
0 < w < rci. (see [111) As w is lowered below the super¬ 
radiant limit, {6J)/{SE) increases without bound while 
the final value of {M + SM)‘^ — {J + 5J) decreases without 
bound, (or the absolute value of (M -|- 6M)^ — {J + SJ) 
increases without bound.) This is analogous to the case 
of an imaginary test particle which can violate the con¬ 
dition SE > iStSJ to be absorbed by the black hole. For 
such a test particle the self-force effects would become 
negligible as SJ is allowed to grow without bound with 
respect to SE, and the formation of a naked singularity 
could not be avoided. From that point of view the vio¬ 
lation of cosmic censorship by neutrino fields is generic 
as opposed to similar attempts involving test bodies and 
bosonic fields, (see 

One should also prove that the challenging waves are 
absorbed by the black hole so that the black hole is over¬ 
spun. Explicit forms of absorpti on p robabilities for mass¬ 
less fields were derived by Page [i^]. For bosonic fields, a 
factor of (w — mH) occurs, which guarantees that the ab¬ 
sorption probability goes to zero as the superradiant limit 
is approached, and it becomes negative for (w < mfl), i.e. 
the waves are amplified rather than absorbed. On the 
other hand the dominant contribution to the absorption 
probability of a neutrino field is given by 

^{l/2)ui(l/2){l/2) = (44) 

The probability of absorption for neutrino fields goes to 
zero as oj goes to zero. The absorption probability for a 
mode with frequency slightly smaller than the superradi¬ 
ant limit a; ^ (1 — e^)wsi is approximately (1/16). (for a 
nearly extremal black hole IVP ^ ^ M) The pos¬ 

sibility of absorption of the modes w < mf2 confirms the 
generic violation of CCC by neutrino helds. The absorp¬ 
tion of these low energy modes is not allowed, and the 
stability of the event horizon is maintained in the case of 
bosonic fields. 

At this moment, we are unable to estimate the magni¬ 
tude of gravitational self-force effects for massless fields. 
It is a safe assumption that self-force effects will be com¬ 
parable to the terms giving rise to naked singularities due 
to challenging fields in the frequency range Wsi < a; < wi; 
and there is no doubt that it will be negligible as uj is 
lowered to zero. However the probability of absorption 


also decreases quadratically to zero for incoming waves 
in these modes. From that point of view the region of 
frequencies slightly smaller than Wgi seems to be optimal 
for overspinning to occur; both to overcome back-reaction 
effects and maintain a reasonable probability of absorp¬ 
tion. The optimal range could be defined with better 
precision with a proper estimate of self-force effects. 

Previously, the transmission and reflection coefficients 
for massless fields were interpreted as absorption prob¬ 
abilities for single particles In [s^l we argued 

that the concepts of reflection/transmission coefficients 
do not represent probabililities for single particles to be 
reflected/absorbed; since the relevant equations allow 
particle creation. We also showed that the phenomenon 
of spontaneous emission, which we call the Zeldovich- 
Unruh effect, acts as a cosmic censor to completely dom¬ 
inate the effect of a single particle to overspin a black 
hole. Hod also argued that the absorption probability 
derived from wave equations was wrong, and substituted 
it with the conditional probability p(0|l) of one fermion 
being incident upon a nearly extremal black hole, with no 
fermions getting reflected back to infinity [13. The ex¬ 
pression for p(0| 1) was derived by Bekenstein and Meisels 
by thermodynamical arguments in the case of a rotating 
black hole immersed in a radiation bath [13. The defini¬ 
tion of p(0|l) is clear; it neither represents the probabil¬ 
ity that a single particle is absorbed, nor the probability 
that an incoming wave is absorbed. Hod evaluates p(0|l) 
in the limit that the black hole temperature tends to 
zero, and finds that it vanishes in that limit. A nearly 
extremal black hole rapidly pushes itself away from ex¬ 
tremality by spontaneous emission particles in the modes 
w < mfl. Therefore many fermions are expected to be 
emitted from the black hole and observed as reflections 
at infinity; ie. the probability of observing no reflecting 
fermions is expected to vanish. If p(0|l) were not zero, it 
would be possible to overspin a black hole by sending in a 
single fermion. This would contradict the fact that spon¬ 
taneous emission dominates the effect of a single particle 
by many orders of magnitude. 

It is well known that quantum expressions for single 
or few particles do not apply to fields. Fields repre¬ 
sent a large number of particles; however that number is 
indefinite since particle creation/destruction is allowed. 
The behaviour of the particles is guided by the field in a 
probabilistic way so that the expectation values of phys¬ 
ical quantities of interest can be calculated. Considering 
the scattering of waves, the meanings of the transmis¬ 
sion and reflection coefficients are clear; they represent 
ratios of energies coming back from the black hole and 
going into it. This can be verified by writing down the 
integrals for energy fluxes at infinity and the horizon. 
This formalism is sometimes called first quantization. In 
the case of massless fields the absorption probability of 
a wave can be calculated by using the transmission and 
reflection coefficients of Teukolsky equations, as done by 
Page. Therefore, to avoid any confusion we would like 
to note that Hod’s derivation p(0|l) = 0 only states that 
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the probability that one fermion is sent in to the black 
hole and no fermion is reflected back vanishes for nearly 
extremal black holes. It should not be interpreted as the 
absorption probability of a fermionic field in the modes 
u! < mfl is zero. 

The fact that spontaneous emission acts as a cosmic 
censor to prevent overspinning of black holes by single 
particles naturally arises the question how effective is 
this phenomenon against challenging fields? Recently, we 
have also considered the effect of black hole evaporation 
as a cosmic censor and showed that its effect is rather 
weak against challenging test fields. It cannot prevent 
the overspinning of a black hole of mass M > 10^® g (d^ . 

To summarise, neutrino fields with frequencies ui < 
rriD, can be absorbed and lead to overspinning of black 
holes. Back-reaction effects become negligible as ui is 
lowered. Spontaneous emission dominates the effect of 
tunnelling of a single (or few ) neutrinos in the danger¬ 
ous modes, and prevent overspinning; but its effect is 
negligible against challenging fields. 


V. THE STABILITY PARADOX 

The fact that superradiance does not occur for neu¬ 
trino fields is also manifest in the connection relation 
Note that the right hand side is positive definite, 
so the left hand side should also be positive. The am¬ 
plitude of the outgoing wave (.^out) is never larger than 
that of the incoming wave. For that reason, regardless of 
the frequency, each neutrino wave incident on the black 
hole with amplitude Fin is partially absorbed by the black 
hole, and partially scattered back to infinity as an out¬ 
going wave; i.e. there is a net absorption of each mode. 

The connection relation (I34() can be re-written in the 
form of a probability relation by defining Zout = v^-^out- 

l^holeP l^outP ^ 1 ('.r'l 

iFinP ^ ^ 

From (HSl) it follows that; in Kerr space-time the prob¬ 
ability that a purely ingoing neutrino wave at past null 
infinity is absorbed by the black hole is |FhoieP/|k^nPj 
and the probability that it is scattered back to reach 
future null infinity is given by ZoutP/|FlnP, where the 
amplitudes are functions of (M, a, m, w). 

At this stage we can state the stability paradox for 
neutrino perturbations of Kerr black holes. From the 
connection relation for neutrino fields we can both in¬ 
fer a rigorous proof of mode stability and the possibility 
of absorption of low energy modes lo < mfl, which can 
render the event horizon unstable. This leads to a para¬ 
dox, because mode stability of black holes under neutrino 
perturbations imply the possibility of the formation of a 


naked singularity, which would be the worst case scenario 
in the absence of mode stability. 

VI. CONCLUSIONS 

In this work, we derived the connection relation for 
asymptotic solutions of massless Dirac fields on Kerr 
background. We showed that a rigorous proof of mode 
stability of neutrino perturbations can be derived from 
this connection relation unlike the case of bosonic fields 
for which Whiting’s general proof of stability is required. 
The connection relation also implies that all modes in¬ 
cluding uj < mO, can be absorbed by the black hole, i.e. 
there is no superradiance. The absorption of these low 
energy modes can lead to overspinning of the black hole 
into a naked singularity [39l - l4^ . We argued that radia¬ 
tive and gravitational self force effect cannot compensate 
for the overspinning of black holes by neutrino fields as it 
does for test bodies [s^ and it can -in principle- do for 
bosonic fields. We also argued that, though the allowed 
range of frequencies for overspinning to occur is (0, wi); it 
is a safe assumption that back-reaction effects will com¬ 
pensate for the terms giving rise to naked singularity as uj 
approaches uji , and the absorption probability decreases 
quadratically to zero as u) is lowered to zero . The fre¬ 
quencies slightly smaller than Wsi seem to be optimal for 
overspinning to occur. With a proper estimate of back- 
reaction effects the interval (0,a;i) would be narrowed 
to some extent, but would not vanish. For that reason, 
the overspinning of black holes by neutrino fields is more 
generic and sound compared to the cases of test bodies 
and bosonic fields. 

We stated that, the fact that both the mode stability 
of the black hole under neutrino perturbations, and the 
instability of the event horizon (therefore the instability 
of the black hole) in the interaction of the black hole with 
neutrino fields can be derived from the same connection 
relation, leads to a paradox. 

We should note that the argument in this work is re¬ 
stricted to mode stability. The connection relation (l34l) 
cannot provide a proof of linear stability of Kerr black 
holes under neutrino perturbations; i.e. it is still possible 
for a general linear perturbation with a finite initial en¬ 
ergy to grow in time without bound. We also note that 
the conclusion that the mode stability implies event hori¬ 
zon instability does not apply to bosonic fields, and def¬ 
initely not to test bodies. For bosonic fields, neither the 
connection relations provide a proof of stability, nor can 
the overspinning of the black hole be considered generic. 

ACKNOWLEDGMENTS 

The author thanks an anonymous referee for valuable 
suggestions and comments. This work is partially sup¬ 
ported by Bogazigi University Research Fund, by grant 
number 7981. 




7 


[1] T. Regge, and J. A. Wheeler, Phys. Rev. 108, 1063 
(1957). 

[2] C. V. Vishveshwara, Nature 227 , 936 (1970). 

[3] F.J. Zerilli, Phys. Rev. D 2, 2141 (1970). 

[4] F.J. Zerilli, Phys. Rev. D 9 , 860 (1974). 

[5] S.A. Teukolsky, Astrophys. J. 185, 635 (1973). 

[6] W.H. Press, and S.A. Teukolsky, Astrophys. J. 185 , 649 
(1973). 

[7] S.A. Teukolsky, and W.H. Press, Astrophys. J. 193 , 443 
(1974). 

[8] B. F. Whiting, J. Math. Phys. 30, 1301 (1989). 

[9] S. A. Teukolsky, Class. Quantum Grav. 32 124006 (2015). 

[10] B.S. Kay, and R.M. Wald, Class. Quantum Grav. 4, 893 
(1987). 

[11] M. Dafermos, and I. Rodnianski, arXiv:0811.0354 [gr-qc] 

[12] M. Dafermos, and I. Rodnianski, arXiv: 1010.5137 [gr-qc] 

[13] M. Dafermos, I. Rodnianski, and Y. Shlapentokh- 
Rothman, arXiv: 1402.7034 ]gr-qc] 

[14] A. Ishibashi, and H. Kodama, Prog. Theor. Phys. 110 , 
901 (2003). 

[15] H. Kodama, and A. Ishibashi, Prog. Theor. Phys. 11, 29 
(2004). 

[16] A. Ishibashi, and H. Kodama, Prog. Theor. Phys. Suppl. 
189 , 165 (2011). 

[17] G. Gibbons, and S.A. Hartnoll, Phys. Rev. D 66, 064024 

( 2002 ) . 

[18] G. Dotti, and R.J. Gleiser, Phys. Rev. D 72 , 044018 
(2005) . 

[19] R.J. Gleiser, and G. Dotti, Phys. Rev. D 72 , 124002 
(2005) . 

[20] M. Beroiz, G. Dotti, and R.J. Gleiser, Phys. Rev. D 76 , 
024012 (2007) . 

[21] T. Takahashi, and J. Soda, Phys. Rev. D 79 , 104025 
(2009). 

[22] T. Takahashi, and J. Soda, Phys. Rev. D 80, 104021 
(2009) . 

[23] I.P. Neupane, Phys. Rev. D 69 , 084011 (2004) . 

[24] D. Birmingham, and S. Mokhtari, Phys. Rev. D 76 , 
124039 (2007) . 


[25] R.A. Konoplya, and A. Zhidenko, Phys. Rev. Lett. 103, 
161101 (2009) . 

[26] V. Cardoso, M. Lemos, and M. Marques, Phys. Rev. D 
80 , 127502 (2009) . 

[27] M. Zilhao, V. Cardoso, C. Herdeiro, L. Lehner, and Ul¬ 
rich Sperhake, Phys. Rev. D 90 , 124088 (2014) . 

[28] O.J.C. Dias, M. Godazgar, and J. E. Santos, Phys. Rev. 
Lett. 114 , 151101 (2015). 

[29] E. Newman, and R. Penrose, J. Math. Phys. 3, 566 
(1962). 

[30] R. Penrose, and W. Rindler, Spinors and space-time Vol¬ 
ume 1: Two-spinor calculus and relativistic fields (Gam- 
bridge University Press, Cambridge, 1984) 

[31] J. Stewart, Advanced General Relativity (Cambridge Uni¬ 
versity Press, Cambridge, 1991) 

[32] S. Chandrasekhar The Mathematical Theory of Black 
Holes (Oxford University Press, new york, 1983) 

[33] S. Chandrasekhar, Proc. R. Soc. Lond. A 349 , 571 
(1976). 

[34] J.B. Hartle, and D.C. Wilkins, Comm. Math. Phys. 38, 
47 (1974) . 

[35] R. Penrose, Riv. Nuovo Cimento 1, 252 (1969). 

[36] T. Jacobson, and T.P. Sotiriou, Phys. Rev. Lett. 103, 
141101 (2009). 

[37] K. Duzta§, and i. Semiz, Phys. Rev. D 88, 064043 (2013). 

[38] E. Barausse, V.Cardoso, and G. Khanna, Phys. Rev. 
Lett. 105 , 261102 (2010). 

[39] i. Semiz, and K. Duzta§, Phys. Rev. D 92 , 104021 (2015). 

[40] K. Duzta§, Class. Quantum Grav. 32, 075003 (2015). 

[41] G.Z. Toth , Class. Quantum Grav. 33, 115012 (2016). 

[42] J. Natario, L. Queimada, and R. Vicente, Class. Quan¬ 
tum Crav. 33, 175002 (2016). 

[43] D.N. Page, Phys. Rev. D 13, 198 (1976). 

[44] M. Richartz, and A.Saa, Phys. Rev. D 78 , 081503 (2008) 

[45] G.E.A. Matsas, M. Richartz, A. Saa, A.R.R. da Silva, 
and D.A.T. Vanzella, Phys. Rev. D 79 , 101502 (2009) 

[46] M. Richartz, and A. Saa, Phys. Rev. D 84, 104021 (2011) 

[47] S. Hod, Phys. Lett. B 668, 346 (2008) 

[48] J.D. Beken, and A. Meisels, Phys. Rev. D 15, 2775 (1977) 

[49] K. Duzta§, and 1. Semiz, Gen. Relativ. Gravit. 48 , 69 
(2016). 



